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At present, turbulence closures for curved flows only account for curvature effects in the fully turbulent
region where the Reynolds number is large. The justification is that, near a wall, viscous effects dominate and
curvature effects are only of secondary importance. Recent direct simulation data show that this assumption is
not valid, even for simple two-dimensional fully developed turbulent curved channel flows. This paper presents
an approach to develop a near-wall turbulence closure for wall-bounded curved flows. The curved channel direct
simulation data is used as a guide to help develop such a closure. The proposed closure has the unique property
of approaching conventional high-Reynolds-number Reynolds-stress closures far away from the wall. Hence,
curvature effects in both the near-wall and the fully turbulent parts of the flow are accounted for properly.
Validations of the closure are carried out with a set of low-Reynolds-number simulation data and with
experimental measurements at high Reynolds number. Good agreement is obtained in both cases; in particular,
the anisotropic behavior of the normal stresses and the shear stress behavior near the convex and concave walls.

1. Introduction

ODELING of wall-bounded curved shear flows can be

broadly classified into three different types. The first,
which is also the simplest, is based on a modification of either
the mixing length or the eddy viscosity by a curvature param-
eter!~% labeled by Bradshaw! as an F factor correction. This F
factor can be derived from the Reynolds-stress transport equa-
tions through the assumption of equilibrium turbulence?- or
by invoking a semi-equilibrium turbulence assumption.® The F
factors thus derived are nonlinear in terms of the curvature
parameter. However, if the curvature parameter is assumed to
be small and equilibrium turbulence is invoked, all of the F
factors can be shown to reduce to the linear form proposed by
Bradshaw.! As such, the corrections are applicable only in the
region far away from the wall, where the flow is dominated by
fully turbulent flow and is independent of Reynolds number.
The flow very close to the wall is either handled by incorporat-
ing viscous damping to model near-wall viscosity effects>* or
by invoking wall function approximations.’ These approaches
are justified by arguing that curvature effects are of secondary
importance in a highly viscous flow.!

The second type consists of closures that solve modified
transport equations of characteristic velocity and length
scales. This type of closure differs from the first in that there
is no F factor applied to the mixing length or eddy viscosity.
Rather, the transport equations that govern the velocity and
length scales that are used to form the eddy viscosity are
modified to include curvature effects. For example, the equa-
tions that govern the transport of the dissipation rate of turbu-
lent kinetic energy and the variance of the normal fluctuating
velocity are modified to include extra production terms due to
streamline curvature.” Even though the equations solved are
applicable all the way to the wall, the effects of curvature on
the near-wall turbulence field have not been accounted for
properly.
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The third type is the most general of the three different types
of closure. It is based on the modeled Reynolds-stress trans-
port equations,®? and is intended as an improvement over the
first two types. The improvements come in three major areas.
First and foremost is the relaxation of the gradient-transport
assumption. This means that the turbulent shear stress is calcu-
lated directly by solving its own transport equation simulta-
neously with other governing equations. The second improve-
ment is the relaxation of the equilibrium and semi-equilibrium
assumption. By doing so, the closure is more applicable to
shear flows with large streamline curvature. It has been ob-
served that strong stabilizing curvature could result in a “‘cut-
off”’ of turbulent shear and subsequent creation of regions of
small negative energy production far away from the wall.1?
Therefore, it is not easily justified to neglect transport effects
on the turbulence field. The third improvement is in the clo-
sures’ ability to predict the anisotropy of the normal stresses,
depending on the modeling of the various terms in the Rey-
nolds-stress transport equation. Thus, the closure provides the
added freedom to model the Reynolds-stress equation in such
a way that the suppression of turbulence by strong stabilizing
curvature could be accounted for properly. Indeed, this type of
closure gives better agreement with measurements®® over a
wider range of curvature parameter compared to the first two
types. However, it also suffers from the drawback of wall-
function assumptions. The reason is that the modeled terms in
the Reynolds-stress equation are, strictly speaking, valid for
high-Reynolds-number flows, and are not applicable to the
flow very near a wall.

The inadequacies of the different types of closure are plainly
evident by their performance when applied to calculate rela-
tively simple curved flows in the 1980-1981 AFOSR-HTTM-
Stanford Conference on complex turbulent flows.!! According
to Bradshaw,!? one difficulty is the surprisingly large effect
exerted on the turbulence field by streamline curvature in the
plane of the mean shear. Often this effect is one order of
magnitude larger than that predicted by dimensional argu-
ments. This lack of understanding of curvature effects hinders
the development of more appropriate closures for curved shear
flows.

Recently, the effects of curvature on turbulent wall shear
flows were studied by direct simulation of the Navier-Stokes
equations at a fairly low Reynolds number.!* Among the find-
ings is the similarity of many of the turbulence statistics of
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interest on the concave and convex side of a curved channel
when properly scaled using local wall variables. The exceptions
to the similarity are the Reynolds shear stress and the terms
governing the balance of the Reynolds shear stress equation.
This means that streamline curvature has its greatest effect on
the Reynolds shear stress equation and suggests that curvature
effects should be modeled in a Reynolds-stress closure rather
than in a k-e type closure. Furthermore, the direct simulation
results show that it is important to model the pressure-strain
term correctly, particularly near a wall, to account for curva-
ture effects.

The objective of the present study is to make use of the
direct simulation data on curved channel flow!? to devise a
Reynolds-stress closure for curved shear flows. Since the study
of Moser and Moin'3 points out the significance of the similar-
ity of the turbulence statistics on the concave and convex walls
when scaled with local variables, it is important to devise a
near-wall closure for curved flows rather than continuing to
rely on wall-function approximations. These approximations
are not appropriate for curved flows because they are based on
one set of wall variables, while in a curved channel flow, the
wall variables on the concave side differ from those on the
convex side. Therefore, the present approach to formulate a
near-wall Reynolds-stress closure is to attempt to model curva-
ture effects in both the near-wall and fully turbulent regions of
the wall-bounded curved flows. Obviously, far away from the
wall, the performance of the proposed closure has to approxi-
mate closely that of established models, such as Irwin and
Arnot Smith,? Gibson et al.,’ and Launder et al.!

II. Near-Wall Behavior of Curved Flows

Unlike plane flows, where detailed near-wall measurements
of the Reynolds stresses are available, there are practically no
measurements available for curved flows. Therefore, an anal-
ysis of the near-wall behavior of curved flows has to rely solely
on the direct simulation data generated on a fully devel-
oped turbulent flow in a two-dimensional curved channel.'?
The simulation was carried out with a curvature parameter of
h/r.=1/79, where h is the channel halfwidth and r. is the
mean radius of curvature, and a Reynolds number based on &
and channel centerline velocity of 2990. Moser and Moin!?
defined a global friction velocity u, based on the mean pressure
gradient (1/r) (dP/d#), so that
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Fig. 1 Curved channel geometry and coordinate system.
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where r; and r, are the inner (convex) and outer (concave)
radius of the channel, u,; and u,, the inner and outer wall
friction velocity, and p is fluid density. The corresponding
Reynolds number based on 4 and the three different friction
velocities are Re = 168, Re; =155, and Re, = 180.

When the mean velocity and the turbulent normal stresses
are made dimensionless using local wall variables and plotted
against log x; (where x;" =u,;x,/v or u,, x,/v and x, is the
coordinate measured normal to the wall) for the mean veloci-
ties and against x," for the normal stresses, the results show
that there is essentially no difference between the flow proper-
ties near concave and convex walls for x," <20. Furthermore,
the direct simulation data near a wall is in good agreement with
plane channel flow measurements'> and plane channel simula-
tion data.!®!” On the other hand, the turbulent shear stress
near the concave and convex walls starts to deviate from each
other beginning around x;" =15, with the turbulent shear
stress on the side of the concave wall higher than that of the
plane channel data and lower on the convex side. Furthermore,
the direct simulation data reveals that the 22 components of
pressure diffusion in the near-wall region is comparable in
magnitude to pressure strain, but the 11, 33, and 12 compo-
nents of pressure diffusion are small in the near-wall region.
These results suggest that near a wall, whether plane, convex,
or concave, the 22 components of pressure diffusion acts to
decrease the fluctuating velocity normal to the wall and in turn
the other components. Therefore, the mean and fluctuating
velocity components, U; and u;, could be expanded in terms of
the normal coordinate x,; thus,

Uy=Aixs+Bx}+Cx3 + ... (2a)

u; = a;x; + b,-x22 + c,-x23 + ... (2b)

where A;, B;, C; are constants or functions of x; and x; and a;,
b;, ¢; are random functions of time and x; and x;, the stream
and transverse coordinates. For incompressible flows, conti-
nuity requires that A;=0 and a,=0.

The present approach is to use Eq. (2) to analyze the near-
wall behavior of the various terms in the Reynolds-stress equa-
tion. This knowledge is then applied to model the terms in the
Reynolds-stress equations so that the near-wall behavior of
the exact as well as the modeled equation is similar, at least to
the lowest order of x, for each term. Thus, the near-wall bal-
ance of the modeled Reynolds-stress equation is assured and
the possibility of success of the proposed near-wall closure is
enhanced.

III. Near-Wall Turbulence Closure

The Reynolds-stress equation for incompressible flows can
be symbolically written as!418

Cij =D} +D] + Py +®—¢; 3)

where C;; is the convection of uu;, D} and D[ are the viscous
and turbulent diffusion of uu;, Py is the productlon of uu; by
mean shear, ; is the velocity pressure-gradient correlation,
and €; is the viscous dissipation of wa;. With the exception of
<I>U , the near-wall behavior of all of the terms in Eq. (3) can be
analyzed using Eq. (2). As suggested by Lai and So,® however,
Eq. (3) can be used to obtain the near-wall behavior of <I>
They carried out this analysis and found that, near a wall, the
behavior of <I> at least to O(x%) is governed by the term
(D} —¢;). The lowest order term for Cy, D,j , and P is o03).
Therefore, these terms are not of primary importance in deter-
mmmg the near-wall behav1or of Eq. (3). Among the various
terms in Eq. (3), D, , ¢I>u, and e; need modeling. The ear-
lier analysis shows that to O(xz), near-wall modeling of DTlS
not necessary; however, it is of paramount importance to 'I>
and ¢;

Two different approaches can be used to devise models for
DI, &}, and ¢;. One approach is to start from scratch, while
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the second is to build on the proven high-Reynolds-number
models. Since D,»f is not important in the near-wall region, the
high-Reynolds-number models of Refs. 9 and 18 can be as-
sumed. These are proven models for D,f and, therefore, sug-
gest that the second approach would be a more fruitful first
attempt to formulate a near-wall Reynolds-stress closure. In
other words, the high-Reynolds-number models for <I>’,; and ¢;
should be modified to account for wall effects so that the
modeled form of Eq. (3) remams in balance as the wall is
approached.

The commonly used high-Reynolds-number model for ¢;; is
the isotropic model of Kolmogorov.? However, the model
does not satisfy the near-wall kinematic conditions for e; /uu;
as discussed by Launder and Reynolds.?! Furthermore, it fails
to asymptote correctly to the boundary condition for ¢;. Using
the proposal of Ref. 21 as a guide, Lai and So'® derived a
modified model for ¢; that satisfies the kinematic condition for
€;/uu; as well as the boundary condition for ¢;. Their model
is given by

&5 = (2/3)e(1 = f,)8y + S a(e/ k) [ty + Uit i,
+ Ui nyn; + n,-ujMnan]/[l + 3uku1nkn1/2k] (C)]

where f,,,=exp [— (Ry/150)2], Ry =k?*/ve, k is the turbulent
kinetic energy and ¢ its dissipation rate, » is the fluid kinematic
viscosity, and »n; =(0,1,0) is the unit normal vector measured
positive away from the wall. It can be seen that e; contracts
correctly to 2e just like the isotropic model. In addition, f,,,
goes to zero exponentially away from the wall, so that the
isotropic model of Kolmogorov is recovered in the limit as Ry
becomes very large.

Conventional high-Reynolds-number modeling of <I>}'} is to
partition the term into ®%, the pressure-diffusion part which is
neglected, and ®;;, the pressure-strain part that is retained.
This treatment is quite successful for high-Reynolds-number
flows. But it has two drawbacks. One is that a second-order
tensor with a zero trace is used to represent @U , which has a
nonzero trace. Another is more serious. All components of <I>,,
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go to zero at the wall, while the same is not true for &;.
Essentially, it is this partition of <I>,, that renders the Reynolds-
stress equation not valid near the wall. In order to build on the
high-Reynolds-number models for ®;;, the modifications made
to ®; have to render the modeled terms of &} satisfy the wall
boundary condition as well as the near-wall balance given by
(D} — €;) as discussed earlier. Therefore, it can be seen that the
modlflcatlons are dependent on the high-Reynolds-number
models assumed for ; and are proposed to counter the incor-
rect behavior of ®; near a wall as well as to partially model the
neglect of the term $7. Based on the discussions of Moser and
Moin!® and Lai and So,'? it seems that the pressure-strain
model of Launder et al.!* is most appropriate for ;. There-
fore, the present approach adopts Launder et al.’s'* model for
®; and proceeds to modify the & so that the resultant model
for &} satisfies the conditions discussed earlier. Along the
procedure outlined earlier, Lai and So' proposed to model
& as

ef— 2
é?} =&y +fw,1[cl P <u,-uj - 5 k6,-,->

S 2 .
- i Uil Ny +ujuknkn,~)+a*(P,~j—-§ P6U>] (5)

where

BP=P;/2, a=B+C)/11, 8=(8C;—-2)/11, y=(30C,—2)/55,
C, and C, are model constants introduced by Launder et al.,!*
and o* is a new model constant. This model compensates the

0 : Concave side, data of Moser & Moin (1987 )13
A : Convexside, dataofMoser & Moin (1987)13
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Fig. 2 Mean velocities in wall coordinates.
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incorrect near-wall behavior of ®; and, at the same time, pro-
vides a pressure diffusion component in the x, direction. This
model was found to give excellent prediction for the near-wall
anisotropy of the turbulent normal stresses.!® Therefore, it is
adopted for &}; in the present approach.

The near-wall modehng of Eq. (3) is then completed by
spec1fy1ng a model for D . Since it is not necessary to model
D,J near a wall, at least to O(X2), the proposal is to adopt the
high-Reynolds-number model of Hanjalic and Launder.!® This
model has two advantages. One is that the model is tensorially
correct for the term —u;u;u; to be modeled. Another is the
anisotropic diffusion property of the model. Therefore, D
can be written as

3 k{__ dwu, —— dupu; au,-u,-}]
DT = — " + 6
Y 6xk [Cs € {ulul 8x, o Bx, il axI ( )

where C; is a model constant.
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IV. Near-Wall ¢-Equation

The model Eqgs. (4-6) introduce yet another unknown ¢ into
the formulation. To effect closure, either e is prescribed, or
another equation governing its transport has to be solved. The
proposed e equation has to be valid as a wall is approached.
Otherwise, the near-wall balance of the modeled Eq. (3) will be
destroyed and the near-wall Reynolds-stress closure will no
longer be valid near a wall. Lai and So'® have analyzed the ¢
equation of Shima?? and have proposed modifications to make
the resultant equation comply with all of the near-wall condi-
tions discussed earlier. Their proposal is

De a( ae>+3<ck7_u_86>
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where

7 € €2
E=Ffu2 [(5 052"2>; - E]

Rp is the Reynolds number based on channel halfwidth and
mean centerline velocity, and C,, C,;, and C,, are model con-
stants. Unlike the boundary conditions for u;u;, which are zero
at the wall, the wall boundary condition for € is 2v(6v"i_c/ 3x,)?,
because this is the correct e behavior at the wall. It should be
pointed out that ¢ renders the ¢ equation Reynolds-number
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dependent and is a direct consequence of Mansour et al.’s
analysis?® of the plane channel flow simulation data.'$!” ¢ is
essentially equal to one for high-Reynolds-number flows.
However, the general nature of ¢ still remains to be verified.

V. Governing Equations for Curved Channel Flows

Validations of the turbulence closure should be carried out
with little or no influence from numerical errors. Since the
governing equations for fully developed turbulent flows can be
reduced to ordinary differential equations and, therefore, can
be solved by any known numerical technique with a minimum
of numerical errors, it would seem prudent to first attempt to
validate the near-wall turbulence closure by considering fully
developed curved channel flows.

Incompressible, fully developed turbulent flow through a
curved channel is considered. The aspect ratio of the channel
is assumed to be large, so that the secondary motion is con-
fined to the end walls and the flow in the channel midplane is
essentially two dimensional. A cylindrical coordinate system
(r,0,z) is used to describe the flow (Fig. 1). The mean and
fluctuating velocities are given by (0,Up,0) and (u,,ug,u;) re-
spectively. The governing equations for this flow can be writ-
ten in dimensionless form by normalizing U, by the global
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Fig. 4 Shear stress distribution across curved channel.
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friction velocity u,, u 1 by u?, e by u?}/v, and the r coordinate
in such a way that n* =(r—r.) u,/v. If the continuity equation
and the conditions ( )/30 = 3( )/9z =0 are used to simplify the

mean flow, the Reynolds stress and the e equations, the resul-

tant equations, written with (0,U/+,0) and (v,u,w) to denote
the dimensionless velocity components and € to denote the
dimensionless dissipation rate, are

L a .. orey 2 U+ 1
7" +6Re dn* | 7 ¢ u* +ORe
x - [+ + ey ]| - 2
dn* U 7t +06Re
U+
b _ _y ®)

- +
(n*+8Re)?  y* +6Re

! _d +ore)(1+C, K72 d“)
7t +0Re dn* * € e dpt

2 d —_ du?
—= ¢k
T toRe dy* [(’7 +8Re) dn* ]
2 d

k —— —
—_c i 24 72 (v2 12
+n++6Re e [Cse {(uv) +u?(v u)}}

4 [ k_ duv k__ wv
K

b &L e =
7+ +oRe Wt T Y GvoRe
k— vI-u? 2 k — du?
+ Cs— u? + C—
s ¥ n++aRe] proRe O 4
202 -u?) € <_ 2 )
+ 2R ca-foo (W -Ck
w 1oRey O e (#53
__dut . U* 2
~ 2uv e - 2uv 7 1+ 6Re + E(a—a*fw,l)
w i s v
dn* 7% +6Re
2 [ v+ _du*] 2
_fglm —— v —| - Ze1-
36[ Vot +ore W dn+] 3 €0=Fwd)
(e/k)u?
ey ©)

S ++6Re)< 143C, —v2 dy?
7+6Re dg* | " dn*

T f&Re dd+ [ 267 (_—)(_—)] 7t -fBRe Cslf
X [W :n;f +2u ;nﬁf + 2uv —n+i—‘:$Re +2u? ———n?gge]
%} +4uv ;:%E; -Ga “fw,l)%
X <W—§ k> - ;(a—a*fw,l)[ZW mZZRe +uy ‘;::]
+ = ﬁ[zﬁ i:: +WW+Z;Re] =21 %7
- 2 1= = 4o 1—‘:% =0 (10)
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Fig. 5 Budgets of zZ in the near-wall region. Model calculations:
a) convex wall, and b) concave wall. Direct simulation: ¢) convex wall,
and d) concave wall.
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 Fig. 6 Budgets of k in the near-wall region. Model calculations:
a) convex wall, and b) concave wall. Direct simulation: c) convex wall,
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1 d . k—. dw?
—_— +0Re)| 1+ C;—vH —
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— U+ — — U+ €
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1t +6Re dnp* dn* n* +6Re
(e/k) uv
- W —2fyy ———— =0 (12)
f”‘ St 1 ik

1 d k-—\ de
- - + 1 =32
7" +oRe dn* [(77 +6Re)< +C, 6v)dn+j|

_du+r _ U+t
+ Cd% (1+afw,2)[—uv + uv e]

dy+ 7 +oR
€€ 7 € €
— W - Cu—2)——-—|=0 13
Cal. X + w2 [<9 2 > X Zk] (13)

where 8 =r./h has been substituted. The boundary conditions
are no slip for U+, u2, vZ, w2, and uv at n* = — Re (convex
wall) and »* = Re (concave wall), and 2(d\/7?/d17")2 for € at
both the concave and convex walls.

V1. Discussion of Results

The governing equations are ordinary differential equations
and can be easily solved using a Newton iteration scheme
similar to the one used in Ref. 24. To resolve the near-wall flow
correctly, fine grids have to be specified near the wall. A 61
point nonuniform grid with at least five grid points specified in
the region |Re| <n+ <|Re|+5 and 15 grid points in the re-
gion |Re| +5<n* <|Re| + 65 is used to carry out the calcula-
tions. Convergence of the calculations is determined by an
overall residual value of 10~3 or less.

The near-wall turbulence closure is formulated using the
direct simulation data to shed light on the physics of near-wall
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flows over curved surfaces. None of the calculated turbulence
statistics have been used to calibrate the model constants. If
the closure is to asymptote correctly to the high-Reynolds-
number closure of Launder et al.,!'* which can predict curva-
ture effects quite well outside of the near-wall region, then the
model constants C;, C,, C,, C., C,;, and C,; should take on the
conventional values of 0.11, 1.5, 0.4, 0.15, 1.35, and 1.8,
respectively. As for the constant o*, Lai and So'*% found that
a value of 0.45 gives the best overall prediction of pipe flow
turbulence and heat transfer. The present objective is not to
calibrate any of the model constants to achieve optimum
agreement between closure calculations and a particular set of
curved-flow data. Rather, the objective is to evaluate the phys-
ical arguments used to devise the closure and the general appli-
cability of the closure for curved shear flows. Therefore, it is
not advisable to vary the accepted values of the model con-
stants. In view of this, the same set of model constants is used
for the present calculations.

The near-wall turbulence closure with the model constants
thus specified is used to calculate fully developed turbulent
curved channel flows. Comparisons are made with direct sim-
ulation data'’> and measurements.?® These two cases are se-
lected for their widely different curvature parameter 6! and
Reynolds number Re. For example, 6~} =0.0127 and Re = 168
(Rp =2990) for the direct simulation data, while §~!=0.005
and Re = 1330 (Rp = 30,000) for the measurements. This way,
the Reynolds-number dependence of ¢ could also be tested. In
the following comparisons, the turbulent flow properties pre-
sented are normalized by u,, except in the near-wall region
(shown in the inset of each figure) where they are made dimen-
sionless by the local friction velocity; i.e., by either u,; or u,,,
depending on whether the flow near the convex or the concave
wall is examined. Furthermore, the local wall coordinate is
taken to be given by y * = yu,; /v, where y is measured positive
away from the wall, instead of by *. Therefore, once * is
known, y* can be calculated using the specified u, and the
calculated u,; and u,,. The mean velocities are normalized by
the local friction velocity. This way of presenting the results is
in accordance with that of Ref. 13 and will properly show the
effects of curvature in the near-wall flow.

The comparisons with direct simulation data, with the con-
tributions of the Taylor-Gértler vortices included, are shown
in Figs. 2-4. It can be seen that the near-wall flow is correctly
predicted by the proposed turbulence closure. For y * <20, the
predictions of U+, uZ, v, and w2 are essentially identical to
the direct simulation data (Figs. 2 and 3). In addition, there is
no difference between the flow properties on the convex and
concave walls. These results are consistent with the findings of
Moser and Moin!?; namely, the effects of curvature on U+,
u?, v2, and w? in the near-wall region can be correctly ac-
counted for by normalizing these quantities by local variables.
In other words, there are two local velocity scales for curved
channel flows and terms in the turbulent kinetic energy equa-
tion are not very sensitive to streamline curvature. These pro-
perties have been captured by the proposed near-wall turbu-
lence closure.

On the other hand, terms in the Reynolds shear stress equa-
tion are very much affected by curvature. This leads to a
separation of uv between the concave and convex wall values
in the near-wall region, even when normalized by local vari-
ables (Fig. 4). The predictions of uv replicate this behavior
quite well and lend credence to the near-wall turbulence clo-
sure proposed for curved flows. A further verification that the
closure is appropriate for curved flows comes from the predic-
tion of the ratio of wall friction velocity. In the calculation of
this curved channel flow, Re or the global wall friction velocity
is specified. Therefore, the accuracy in which the closure can
predict the convex and concave wall friction velocities is a
measure of the validity of the closure. The direct simulation
data gives a value of 1.161 for the wall-friction velocity ratio
and u,,/u,=1.071 and u,;/u,=0.923. These compare with
predicted values of 1.101, 1.044, and 0.948, respectively. The
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predicted wall friction velocity is lower on the concave wall
and higher on the convex wall. However, the error is no more
than 3 percent for each wall. In view of this fairly accurate
prediction, the near-wall Reynolds stress closure can be said to
be quite valid for curved channel flows.

The agreement between calculation and simulation data is
less satisfactory in the region far away from the walls; in
particular, those of v? and the mean U+ on the side of the
convex wall (Figs. 2 and 3). The failing could be attributed
to the high-Reynolds-number models used to approximate
D[, ®;, and ¢; far away from the wall. In the regions where
the discrepancies are most pronounced, f,, ; and f,, , are close
to zero and f, is about one. Therefore, the near-wall turbu-
lence closure asymptotes to the high-Reynolds-number closure
of Launder et al.!* Since this closure is not formulated for
flows with such a low overall Reynolds number (Rp =2990),
the agreement shown in Figs. 2-4 between calculation and
simulation data is rather surprising. Therefore, it is believed
that further improvements could be obtained by modifying
the high-Reynolds-number models for Df, &;, and ¢;, in
addition to the present modifications for correct near-wall
behavior.

Another reason for the discrepancy noted between model
calculations and simulation data could be due to the presence
of Taylor-Gortler vortices in the simulated curved channel
flow and the lack of such in the model calculations. Moser and
Moin!? have shown that a pair of Taylor-Gértler vortices exist
in the entire channel and are more concentrated on the concave
side. This feature of curved channel flow has not been formu-
lated into the model calculation. If the effect of the Taylor-
Gortler vortices on the turbulence statistics is small, then the
above comparisons would not be much influenced by these
vortices. However, Moser and Moin!? have demonstrated that
thépresence of the Taylor-Gortler vortices enhances the peaks
of u2, v2, w? and uv near the walls and contributes to an
increase in v2 away from the wall on the concave side. In fact,
the Taylor-Gortler vortices account for about half of the dif-
ference in Reynolds shear stress between the two sides of the
channel in local wall variables and also ~50% of the differ-
ence between the wall shear stresses. Considering the fact that
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the model calculation ignores the contributions of the Taylor-
Gértler vortices, the comparisons shown in Figs. 2-4 are quite
good and the predicted wall shear stresses can be considered to
be quite accurate. Therefore, the noted difference between
simulation data and model calculations (Figs. 2-4) cannot be
completely eliminated by improving the high-Reynolds-num-
ber models for D,%-', ®;;, and ¢;; . A formulation including the
contributions of the Taylor-Gortler vortices is required. In
other words, a three-dimensional formulation of the curved
channel flow would be more appropriate. As for the turbu-
lence closure, it is believed that the present model is more than
adequate, even for a three-dimensional calculation of the
curved channel flow.

The next set of comparisons is made with the budgets of the
components of the Reynolds-stress equation. Only the budgets
of u2, k, and uv are shown in Figs. 5-7. In these figures, a)
shows the modeled budget near the convex wall, and b) that
near the concave wall. Mansour et al.!” have examined the
high-Reynolds-number models for DY, ®;, and ¢; in a plane-
channel flow and found that they are quite valid beyond
y*(=y u,/v)>100, where y is measured positive away from
the wall. The relations between y* and 5* are given by
y*+=—9*+Re for concave wall and y * =n* + Re for convex
wall. Furthermore, the budgets given by Moser and Moin'? are
limited to y * < 100. Therefore, the plots shown in Figs. 5-7 are
for the range 0<y * <150.

These calculations are in qualitative agreement with the sim-
ulation results. For example, the simulation budget data give
a peak production of u?2 at about y + =12 and a peak value of
about 0.45 near the concave wall and about 0.4 near the con-
vex wall. The calculations also give a y * =12 and approx-
imately the same peak values near the concave and convex
walls for the production of u? (Fig. 5). The major discrepancy
occurs in the predictions of ¢;, all of which show a minimum
away from the wall and finite values for ¢,, (Fig. 5), €,w, and
e (Fig. 6) and zero value for ¢,, at the wall. On the other hand,
simulation results give a minimum at the wall for ¢, €,,, and
e and a zero for €,,. The minimum values calculated for ¢,,,
€., and e are about 2-3 times smaller than those given by
direct simulation. In addition, the calculations of &} are not
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quite correct quantitatively. However, in this case, the calcu-
lated minimum or maximum of &, ®.,,, ¥, and &, are only
about 1.1-1.5 times larger, while the calculated locations of
the minimum and maximum are approximately correct for
&), &, and & and about twice as large as the simulation
result for &.. Figures 5 and 7 show a minimum location for
&, and a maximum location for &,, at y * =15. Contrast this
with corresponding values of 25 and 15 from simulation re-
sults. These discrepancies could be traced to the inadequacy of
the € equation'® and to the neglect of the contributions of the
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Taylor-Gortler vortices in the model calculations. In general,
the proposed near-wall turbulence closure gives a reasonable
prediction of the budgets of u;u; in the flow regions very close
to the convex and concave walls. This is one characteristic that
no other closures have yet been able to reproduce.

Another validation of the closure is carried out with the
measurements of Hunt and Joubert.26 In this experiment, the
curvature parameter is about 2.5 times smaller and Re is ap-
proximately 10 times larger than the simulation data. There-
fore, the data offers an opportunity to test the closure’s ability
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to mimic the effects of Reynolds number, both in the near-wall
and the fully turbulent flow regions. The comparisons are
again made with the measured U™, normal stresses and uv,
and are shown in Figs. 8-10. Good agreement is obtained for
the mean velocities up to y * =250 (Fig. 8). Beyond that, the
calculated U* on the convex side is lower than the measure-
ments. Again, the mean velocity on the convex and concave
wall is identical in the region 0< y * <250 when scaled by local
variables. The discrepancy observed at large value of y+ is
similar to that noticed by So and Yo00?* in their comparison
with fully developed turbulent pipe flow data. They attributed
the discrepancy to an inconsistency between the measured U+
and uv, because when these measured values are substituted
into the mean momentum equation a slight imbalance re-
sulted.

The agreement between the calculated and measured v2 and
W2 is very good except in the regions near the convex and
concave walls (Fig. 9). This result essentially verifies the valid-
ity of the high-Reynolds-number models for D,-IT, ®;, and ¢;
and supports the argument used to partially explain the dis-
crepancy shown in Fig. 3 between calculated and simulated v2.
The measurements of v? and w? show remarkable isotropy
near the walls and a rather steep rise as the wall is approached.
This behavior is contrary to that shown by plane channel flow
measurements.!® Since Hunt and Joubert?® did not correct
their cross-wire measurements for wall proximity effects, the
measured v2 and w? could be in error near the wall. In addi-
tion, their wire length is about 42 (v/u,), which is more than
twice the tolerable limit found by Ligrani and Bradshaw?’ for
accurate near-wall measurements. __

On the other hand, the agreement for u? is poor, in particu-
lar, on the side of the concave wall. The reason could be due
to the concentration of Taylor-Gortler type vortices on the
concave wall. In the experiment, these vortices were found to
penetrate all the way to the channel mean radius.2¢ Since the
measurements were carried out along the channel midplane, it
is not clear whether this location corresponds to the up-swell or
to the down-swell of the vortices. According to boundary-layer
measurements on a concave wall?® 42 measured at these two
locations differ significantly. This could also explain the poor
agreement shown for uv on the side of the concave wall be-
cause the curved channel measurements show a significant uw
near the concave wall and are consistent with the measure-
ments of Ref. 28.

The preceding analysis shows the difficulty of two-dimen-
sional turbulent flow modeling over concave surfaces, espe-
cially when Taylor-Gortler type vortices are present in the
flow. As demonstrated by the measurements of Hunt and
Joubert,26 these vortices are present even for a curvature pa-
rameter as small as 0.005. When Taylor-Gortler type vortices
are present, the mean flow is hardly two-dimensional?® and the
vortices are found to have significant impact on the turbulence
statistics.!?

VII. Conclusions

A near-wall Reynolds-stress closure for curved shear flows
has been formulated. Insight gained by examining the direct
simulation data of a curved channel flow, in particular, the
near-wall flow behavior at the convex and concave walls is
used to devise modifications to conventional high-Reynolds-
number models for the pressure-strain term and the viscous-
dissipation function near a wall. The resultant models are
required to satisfy the near-wall behavior of the terms they
replaced and to give rise to a modeled Reynolds-stress equation
with terms that remain in balance as the wall is approached. In
addition, the variables have to satisfy the no-slip condition at
the wall. Thus modeled, the Reynolds-stress equation is valid
over the whole field and can be solved without invoking the
wall-function assumptions. The closure also has the unique
advantage of asymptotically approaching the high-Reynolds-
number closure of Launder et al.'* far away from the wall.
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Therefore, streamline curvature effects in this region are also
properly modeled.

The near-wall turbulence closure is validated against the
low-Reynolds-number simulation data of Moser and Moin'?
and the high-Reynolds-number measurements of Hunt and
Joubert.26 The closure is capable of reproducing the major
findings of Moser and Moin in a curved channel flow. These
are 1) the similarity of U*, 42, v2, and w? at the convex and
concave walls when scaled by local variables; 2) the separation
of uv between the concave and convex wall values in the near-
wall region, even when they are scaled by local variables; and
3) the importance of modeling the pressure-strain term to ac-
count for curvature effects. The predicted U* , u%, v2, w2, and
uv are in good agreement with both 51mulatlon data and mea-
surements, even though the Reynolds numbers of the two cases
differ by a factor of ten. This shows that the proposed closure
is applicable for a rather wide range of Reynolds number.
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